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SUMMARY 

Cobweb posets uniquely represented by directed acyclic graphs are such a generaliza- 
tion of the Fibonacci tree that allows joint combinatorial interpretation for all of them 
under admissibility condition. This interpretation was derived in the source papers 
([6,7] and references therein to the first author). [7, 6, 8] include natural enquires to be 
reported on here. The purpose of this presentation is to report on the progress in 
solving computational problems which are quite easily formulated for the new class 
of directed acyclic graphs interpreted as Hasse diagrams. The problems posed there 
and not yet all solved completely are of crucial importance for the vast class of new 
partially ordered sets with joint combinatorial interpretation. These so called cobweb 
posets - are relatives of Fibonacci tree and are labeled by specific number sequences 
- natural numbers sequence and Fibonacci sequence included. One presents here also 
a join combinatorial interpretation of those posets' F-nomial coefficients which are 
computed with the so called cobweb admissible sequences. Cobweb posets and their 
natural subposets are graded posets. They are vertex partitioned into such antichains 
$ n (where n is a nonnegative integer) that for each $„, all of the elements covering 
x are in and all the elements covered by x are in <J? n . We shall call the <E> n the 

n — th- level. The cobweb posets might be identified with a chain of di-bicliques i.e. 
by definition - a chain of complete bipartite one direction digraphs [6]. Any chain of 
relations is therefore obtainable from the cobweb poset chain of complete relations via 
deleting arcs in di-bicliques of the complete relations chain. In particular we response 
to one of those problems [1] . This is a tiling problem. Our information on tiling prob- 
lem refers on proofs of tiling's existence for some cobweb-admissible sequences as in 
[1] . There the second author shows that not all cobwebs admit tiling as defined below 
and provides examples of cobwebs admitting tiling. 

(***) This is The Internet Gian-Carlo Polish Seminar article, update of [40] 
No 3, Subject 2, 2009-02-26 

http://ii.uwb.edu.pl/akk/sem/sem-rota.htm 
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1 Introduction [6] 

A directed acyclic graph, also called DAG, is a directed graph with no directed 
cycles. DAGs considered as a generalization of trees have a lot of applications 
in computer science, bioinformatics, physics and many natural activities of hu- 
manity and nature. Here we introduce specific DAGs as generalization of trees 
being inspired by algorithm of the Fibonacci tree growth. For any given nat- 
ural numbers valued sequence the graded (layered) cobweb posets' DAGs are 
equivalently representations of a chain of binary relations. Every relation of 
the cobweb poset chain is biunivocally represented by the uniquely designated 
complete bipartite digraph-a digraph which is a di-bicliquc designated by the 
very given sequence. The cobweb poset is then to be identified with a chain 
of di-bicliques i.e. by definition - a chain of complete bipartite one direction 
digraphs. Any chain of relations is therefore obtainable from the cobweb poset 
chain of complete relations via deleting arcs (arrows) in di-bicliques. 
Let us underline it again : any chain of relations is obtainable from the cobweb 
poset chain of complete relations via deleting arcs in di-bicliques of the com- 
plete relations chain. For that to see note that any relation Rk as a subset of 
Ak x Ak+\ is represented by a one-direction bipartite digraph Dk- A "complete 
relation" Ck by definition is identified with its one direction di-bicliquc graph 
d — Bk Any Rk is a subset of Ck ■ Correspondingly one direction digraph Dk is 
a subgraph of an one direction digraph of d — Bk ■ 

The one direction digraph of d — Bk is called since now on the di-biclique 
i.e. by definition - a complete bipartite one direction digraph. Another words: 
cobweb poset defining di-bicliques are links of a complete relations' chain [6]. 

Because of that the cobweb posets in the family of all chains of relations unavoid- 
ably is of principle importance being the most overwhelming case of relations' 
infinite chains or their finite parts (i.e. vide - subposets). 

The intuitively transparent names used above (a chain of di-cliques etc.) are to 
be the names of defined objects in what follows. These arc natural correspon- 
dents to their undirected graphs relatives as we can view a directed graph as an 
undirected graph with arrowheads added. 

The purpose of this report is to inform several questions intriguing on their 
own apart from being fundamental for a new class of DAGs introduced below. 
Specifically this concerns problems which arise naturally in connection with a 
new join combinatorial interpretation of all classical F — nomial coefficients 
- Newton binomial, Gaussian g-binomial and Fibonomial coefficients included. 
This report is based on [6-7] from which definitions and description of these 
new DAG's are quoted for the sake of self consistency and last results are taken 
from [1]. Applications of new cobweb posets' originated Whitney numbers from 
[8] such as extended Stirling or Bell numbers are expected to be of at least 
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such a significance in applications to linear algebra of formal series as Stirling 
numbers, Bell numbers or their g-extended correspondent already are in the so 
called coherent states physics [9,10] (see [13] for abundant references on this 
subject and other applications such as in [11,12]). 

The problem to be the next. As cobweb subposets P n are vertex partitioned 
into antichains <f> r for r = 0, 1, n which we call levels - a question of canonical 
importance arrises. Let {-P n }„>o be the sequence of finite cobweb subposets (see- 
below). What is the form and properties of {-P n }„> ' s characteristic polynomials 
{p„(A)} n>0 [15,17]? For example - are these related to umbra polynomials? 
What are recurrence relations defining the {pn(A)} n>0 family ? This is being 
now under investigation with a progress to be announced soon by Ewa Krot- 
Sieniawska [4,5] - the member of our Rota Polish Seminar Group. The recent 
papers on DAGs related to this article and its clue references [6,7,8] apart from 
[1] are [4] and [14]. 

Computation and Characterizing Problems. 

In the next section we define cobweb posets. Their examples are given [6-8,1]. 
A join combinatorial interpretation of cobweb posets' characteristic binomial- 
like coefficients is provided too following the source papers of the first author. 
This simultaneously means that we have join combinatorial interpretation of 
fibonomial coefficients and all incidence coefficients of reduced incidence algebras 
of full binomial type [16]. 

In [6,7] the first author had formulated three problems: characterization and/or 
computation of cobweb admissible sequences Problem 1, cobweb layers parti- 
tion characterization and/or computation Problem 2 and the GCD-morphic 
sequences characterizations and/or computation Problem 3 all three interest- 
ing on their own. Here we report more on one of those problems [1] . This is a 
tiling problem. Our information on tiling problem refers to proofs of tiling's ex- 
istence for some cobweb-admissible sequences as in [1]. There the second author 
shows that not all cobwebs admit tiling as defined below and provides examples 
with proofs of families of cobweb posets which admit tiling. 

2 Cobweb posets as complete bipartite digraph 
sequences and combinatorial interpretation [6] 

Cobweb posets as complete bipartite digraph sequences. 

Cobweb posets and their natural subposets P n are graded posets. They are ver- 
tex partitioned into antichains <J>fc for k = 0, 1, r, ... (where r is a nonnegativc 
integer) such that for each $ r , all of the elements covering x are in <& r +i and 
all the elements covered by x are in $ r . We shall call the the n — th- level. 
P n is then (n + 1) level ranked poset. We are now in a position to observe that 
the cobweb posets may be identified with a chain of di-bicliques i.e. by defini- 
tion - a chain of complete bipartite one direction digraphs. This is outstanding 
property as then any chain of relations is obtainable from the corresponding 
cobweb poset chain of complete relations just by deleting arcs in di-bicliques of 
this complete relations chain. Indeed. For any given natural numbers valued 
sequence the graded (layered) cobweb posets' DAGs arc equivalently represen- 
tations of a chain of binary relations. Every relation of the cobweb poset chain 
is bi-univocally represented by the uniquely designated complete bipartite di- 
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graph - a digraph which is a di-biclique designated by the very given sequence. 
The cobweb poset may be therefore identified with a chain of di-bicliques i.e. by 
definition - a chain of complete bipartite one direction digraphs. Say it again, 
any chain of relations is obtainable from the cobweb poset chain of complete 
relations via deleting arcs (arrows) in chains' di-bicliques elements. 

The above intuitively transparent names (a chain of di-cliqucs etc.) are the 
names of the below defined objects. These objects are natural correspondents 
of their undirected graphs relatives as we can view a directed graph as an undi- 
rected graph with arrowheads added. Let us start with primary notions remem- 
bering that any cobweb subposet P k is a DAG of course. 

A bipartite digraph is a digraph whose vertices can be divided into two disjoint 
sets V\ and V2 such that every arc connects a vertex in V\ and a vertex in V2. 
Note that there is no arc between two vertices in the same independent set V\ 
or V2. No two nodes of the same partition set are adjacent. 
A one direction bipartite digraph is a bipartite digraph such that every arc 
originates at a node in V\ and terminates at a node in V2. The extension of 
"being one direction" to fc-partite digraphs is automatic. Note that there is no 
arc between two vertices in the same set. Intuitively - one may color the nodes 
of a bipartite digraph black and blue such that no arc exists between like colors. 
A fc-partite not necessarily one direction digraph D is obtained from a fc-partitc 
undirected fc-partite graph G by replacing every edge xy of G with the arc {xy) , 
arc (yx) or both (xy) and (yx). The partite sets of D are the partite sets of G. 

Definition 1 . A simple directed graph G = (V, E) is called bipartite if there 
exists a partition V = V\ + V2 of the vertex set V so that every edge (arc) in E 
is incident with V\ and V2 for some Vi in V\ and V2 in V2. It is complete if any 
node from V\ is adjacent to all nodes of V2 ■ 

We shall denote our special case biparte one direction digraphs as follows G = 
(V± + V2,E) = Lp ki p k+1 to inform that the partition has parts V\ and V2 where 
\V x \ = F k and \V 2 \ = F k+1 . 

Notation. The special fc - partite = k - level one direction digraphs considered 
here shall be denoted by the corresponding symbol £ p ,g,...,r- The complete 
fc -partite = fc -level one direction complete digraph is coded if Pigi ..., r as in 
the non directed case (with no place for confusion because only one direction 
digraphs are to be considered in what follows). LF k ,F k+1 ,,,,,F n = (&k — ¥ 
denotes (n — k + 1) - partite one direction digraph = (n — k + 1) - level one 
direction digraph n > fc whose partition has ( antichains from II) the parts 
$ k ,$ k+1 , ...,$„, |$ fe | = F k , |$ fe+1 | = F k+1 ,, |$„| = F n , Any cobweb one-layer 
— > $k+i)j fc < n, k,n € N U {0} = Z> is a complete bipartite one 
direction digraph Lp u p i+1 = KFi,F i+1 i-e. by definition it is the di-biclique. The 
cobweb one-layer vertices constitute bipartite set V(($> k — ► $k+i)) = 3>k + & k +i 
while edges are all those arcs incident with the two antichains nodes in the poset 
II graph representation. 

Any cobweb subposet P n = ($0 &n) = LF .F 1 ,...,F n , n > is a (n + l)-partite 
— (n + l)-level one direction digraph. We shall keep on calling a complete 
bipartite one direction digraph a di-biclique because it is a special kind of 
bipartite one direction digraph, whose every vertex of the first set is connected by 
an arc originated in this very node to every vertex of the second set of the given 
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bi-partition. Any cobweb layer — » $„}, k < n, k,n G N U {0} = Z> is 
a one direction the (n — k + l)-partite = (n — k + 1) -level one direction DAG 
^F k ,F k+1 ....,F n with an additional defining property: it is a chain of di-bicliques 
for k < n. Since now on we shall identify both: 

($k ^ ®n) = L Fk ,F k+1 ,...,F n - 

Note: P n = ($ -> *«) = L FoiFk+u ... iFn , n > and ($ fc -> $„)^ = 

for n > k + 1. 

Observation 1 (6) 

Em— 1 
, F fc+i F fc+i+1 , 
i— o 

where E(G) denotes the set of edges of a graph G (arcs of a digraph G). 
The following property (*) 

(*) (® k ^<i> k+1 )=L Fk . Fk+1 =K Fk . Fk+1 , k = 0,1,2,... 

i.e. L Fk _ Fk+1 is a di-biclique for k — 0, 1, 2, ... , might be considered the definition 
of Fq rooted F-cobwcb graph II or in short P if F-sequence has been established. 
The cobweb poset II is being thus identified with a chain of di-bicliques. The 
usual convention is to choose Fq = 1. One may relax this constrain, of course. 
Thus any cobweb one-layer — > $>k+i) is a complete one direction bipartite 
digraph i.e. a di-biclique. This is how the definition of the F-cobweb graph 
n(-F) or in short P - has emerged. 

For infinite cobweb poset II with the set of vertices P — V(H) one has an obvious 
8(G) = 2 domatic vertex partition of this F-cobweb poset. 

Definition 2 . A subset D of the vertex set V(G) of a digraph G is called 
dominating in G, if each vertex of G either is in D, or is adjacent to a vertex 
of D. Adjacent means that there exists an originating or terminating arc in 
between the two- any node from G outside D and a node from D. 

Definition 3 . A domatic partition of V is a partition of V into dominating 
sets, and the number of these dominating sets is called the size of such a parti- 
tion. The domatic number 8(G) is the maximum size of a domatic partition. 

An infinite cobweb poset II with the set of vertices P = V(H) has the 8(H) = 2 
domatic vertex partition, namely a mod 2 - partition. 

V = VqUVl where V = U fc =2s+i s = 0,1,2,... - ("black levels"); and 
Vi =U= 2s *fc, s = 0,l,2,...- ("blue levels"). 

Note: Natural mod n partitions of the cobweb poset's set of vertices V(II) = P 
(n colours), P = V U Vi U V 2 U ... U V n -i , V t - U= 2s+4 > 3 = 0, 1, 2, i G Z n = 
0, 1, n — 1 for n > 2 are not domatic. 

Cobweb one-layer or more than one-layer subposets — > 3>k+m) = L FktFk+1 = 
K Fk! p k+1 , k = 0, 1, 2, ... have also correspondent, obvious the 8(G) = 2 domatic 
partitions for m > 0. 
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Combinatorial interpretation [7,6,8]. 

2.1. F—nomial coefficients. The source papers are [9-13] from which indis- 
pensable definitions and notation are taken for granted including Kwasniewski 
[9, 10] upside - down notation n F = F n being used for mnemonic reasons - as in 
the case of Gaussian numbers in finite geometries and the so called " 'quantum 
groups" '). 

Given any sequence {F n } n >o of nonzero reals (Fq = being sometimes accept- 
able as 0! = Fq\ = 1.) one defines its corresponding binomial- like F — nomial 
coefficients as in Ward's Calculus of sequences [18] as follows. 

Definition 4 .{n F = F n ^ 0, n > 0) 

J 4 

7 r = T~i> n F ] - = n F (n - l) F (n - 2) F (n - 3) F . . . 2 F 1 F ; 

n-k' k F \ 

0p\ = 1; rvp = n F (n — 1) F . . . (n — k + 1) F . 

We have made above an analogy driven identifications in the spirit of Ward's 
Calculus of sequences [18]]. Identification n F = F n is the notation used in 
extended Fibonomial Calculus case [9-13,4] being also there inspiring as n F 
mimics n q established notation for Gaussian integers exploited in much elab- 
orated family of various applications including quantum physics (see [9,10,13] 
and references therein). 

The crucial and elementary observation now is that an eventual cobweb poset or 
any combinatorial interpretation of F-binomial coefficients makes sense not for 
arbitrary F sequences as F — nomial coefficients should be nonnegative integers 
(hybrid sets are not considered here). 



Definition 5 . A natural numbers' valued sequence F — {n F } n >Q, Fq = 1 is 
called cobweb-admissible iff 

E N a for k,neN . 

F 

Fq = being sometimes acceptable as F \ = Fo\ = 1. 

Incidence coefficients of any reduced incidence algebra of full binomial type 
[16] immensely important for computer science are computed exactly with their 
correspondent cobweb-admissible sequences. These include binomial (Newton) 
or q- binomial (Gauss) coefficients. For other F-nomial coefficients - computed 
with cobweb admissible sequences - see in what follows after Observation 3. 

Problem 1. Find effective characterizations and/or an algorithm to produce 
the cobweb admissible sequences i.e. find all examples. 

Very recently the second author have proved (a note in preparation) that 
the following is true. 

Theorem 1 (Dziemianczuk) Any cobweb- admissible sequence F is at the point 
product [1] of primary cobweb- admissible sequences P(j>). 




G 



Right from the definition of P via its Hasse diagram pictures in [6-8] the im- 
portant observations follow which lead to a specific, new joint combinatorial 
interpretation of cobweb poset's characteristic binomial-like coefficients [6-8]. 



Observation 2 The number of maximal chains starting from The Root (level 
Of) to reach any point at the n — th level with np vertices is equal to tif\. 

Observation 3 , (k > 0) The number of all maximal chains in-between (k + 
f ) — th level and the n — th level with np vertices is equal to nj^r, 

where m + k = n. 

Indeed. Denote the number of ways to get along maximal chains from any fixed 
point (the leftist for example) in <j>^ to any vertex in <£>„ ,n>k with the symbol 

[$fe - $n] 

then obviously we have ( [<f>„ — > $„] = 1): 
and 

[$o $fc] x [$ fc -► $„] = [$ *»]• 

For the purpose of a new joint combinatorial interpretation of F — sequence — 
nomial coefficients (F-nomial - in short) let us consider all finite "max- disjoint" 
sub-posets rooted at the k — th level at any fixed vertex (r, k), 1 < r < fcjr and 
ending at corresponding number of vertices at the n — th level (n = k + m) 
where the max-disjoint sub-posets are defined below. 



Definition 6 Two posets are said to be max-disjoint if considered as sets of 
maximal chains they are disjoint i.e. they have no maximal chain in common. 
An equipotent copy of P m ['equip- copy'] is defined as such a maximal chains 
family equinumerous with P m set of maximal chains that the it constitutes a 
sub-poset with one minimal element. 

We shall proceed with deliberate notation coincidence anticipating coming ob- 
servation. 

Definition 7 Let us denote the number of all mutually max-disjoint equip- 
copies of P m rooted at any fixed vertex (j,k), 1 < j < kp ofk — th level with the 
symbol 

n 
k 

One uses here the customary convention: ^ jj ^ = 1 and ^ ^ ^ =1. 

Compare the above with the Definition 4 and the Definition 10. 

The number of ways to reach an upper level from a lower one along any of 
maximal chains i.e. the number of all maximal chains from the level $^+1 to 
the level $ n , k > n is equal to 

[$ fc -> $J = nik. 
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Therefore we have 



(1) [ I j x[$ ^$ m l = [$^$ n ] = nf 

where [$o ~~ * ^m] = counts the number of maximal chains in any cquip- 
copy of P m . With this in mind we see that the following holds [6-8] . 



Observation 4 Let n, k > 0. Let n = k + m. Let F be any cobweb admissible 
sequence. Then the number of mutually max-disjoint equip-copies i.e. sub-posets 
equipotent to P m , rooted at the same fixed vertex of k — th level and ending 
at the n-th level is equal to 

m / 

njr _ I n 
! \ rn 

n \ 
k 



mp 



F- 

(for recent equivalent formulation see Appendix) 
The immediate natural question now is 

n = ? 

^ K J const 

i.e. the number of partitions with block sizes all equal to const 
where here const = A = mp ! and 

m ( n 

V = n ¥ , k=( k ^ 

The const indicates that this is the number of set partitions with block sizes 
all equal to const and we use Knuth notation j n K | for Stirling numbers of the 
second kind. 

From the formula (59) in [2] one infers the Pascal-like matrix answer to the 
question above. 

(V\ _ jr y\ 

This gives us the rough upper bound for the number of tilings (see [6] for Pascal- 
like triangles) as we arrive now to the following intriscically related problem. 

The partition or tiling Problem 2. Suppose now that F is a cobweb ad- 
missible sequence. Let us introduce 

oP m = C m [F; g < F U F 2 , F m >} 

the equipotent sub-poset obtained from P m with help of a permutation a of 
the sequence < F\, F%, F m > encoding m layers of P m thus obtaining the 
equinumerous sub-poset aP m with the sequence a < F\,F2, ■■■,F m > encoding 
now m layers of aP m . Then P m = C m [F;< F\, F 2 , F m >}. Consider the 
layer — > $„}, k < n, k,n £ N partition into the equal size blocks 



8 



which are here max-disjoint equi-copies of P m ,m = n — k + 1. The question 
then arises whether and under which conditions the layer may be partitioned 
with help of max-disjoint blocks of the form crP m . And how to visualize this 
phenomenon? It seems to be the question of computer art, too. At first - we 
already know that an answer to the main question of such tilings existence - for 
some sequences F -is in affirmative. Whether is it so for all cobweb admissible 
sequences -we do not know by now. Some computer experiments done by student 
Maciej Dziemiahczuk [1] are encouraging. More than that. The second author 
in [1] proves tiling's existence for some cobweb-admissible sequences including 
natural and Fibonacci numbers sequences. He shows also that not all F - 
designated cobweb posets do admit tiling as defined above. However problems: 
"how many?" is opened. Let us recapitulate and report on results obtained in 
[!]• 

3 Cobweb posets tiling problem [1] 

Let us recall that cobweb poset in its original form [6,7] is defined as a partially 
ordered graded infinite poset n = (P, <), designated uniquely by any sequence 
of nonnegative integers F = {np}n>o and it is represented as a directed acyclic 
graph (DAG) in the graphical display of its Hasse diagram. P in (P, <) stays 
for set of vertices while < denotes partially ordered relation. See Fig. [T] and 
note (quotation from [7,6]): 

One refers to $ s as to the set of vertices at the s-th level. The pop- 
ulation of the k-th level ("generation" ) counts kp different member 
vertices for k > and one for k = 0. Here down (Fig. [1]) a dis- 
posal of vertices on $fc levels is visualized for the case of Fibonacci 
sequence. F = corresponds to the empty root {0}. 
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Figure 1: The s-th level in N x N U {0} 



In Kwasniewski's cobweb posets' tiling problem one considers finite cobweb 
sub-posets for which we have finite number of levels in layer (<J>fc — ► $ n ), where 
k < n, k, n £ N U {0} with exactly kj vertices on ^ level k < j < n. For k = 
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the sub-posets ($o ~~ * are named prime cobweb posets and these are those 
to be used - up to permutation of levels equivalence - as a block to partition 
finite cobweb sub-poset. 

For the sake of combinatorial interpretation a natural numbers' valued se- 
quence F which determines its' cobweb poset has to be cobweb- admissible. 




Figure 2: Display of four levels of Fibonacci numbers' finite Cobweb sub-poset 




Figure 3: Display of Natural numbers' finite prime Cobweb poset 

Fq = being acceptable as Oir! = Fq\ = 1. We adopt then the convention to 
call the root {0} the "empty root". 

One of the problems posed in [6-8] is the one, which is the subject of [1]. 
The tiling problem 

Suppose now that F is a cobweb admissible sequence. Under which conditions 
any layer ($„ — > may be partitioned with help of max-disjoint blocks of 
established type aP m l Find effective characterizations and/or find an algorithm 
to produce these partitions. 

The above Kwasnicwski [7,6] tiling problem is first of all the problem of 
existence of a partition of layer — > $ n ) with max-disjoint blocks of the form 
crP m defined as follows: 

aP m = C m [F,a(F 1 ,F 2 ,...,F m }] 
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It means that the partition may contain only primary cobweb sub-posets 
or these obtained from primary cobweb poset P m via permuting its levels as 
illustrated below (Fig. U]). 




Figure 4: Display of block aP m obtained from P m and permutation a 

The second author presents in [1] an algorithm to create a partition of any 
layer — ► $„}, k < n, k,n e N U {0} of finite cobweb sub-poset specified 
by such .F-sequences as Natural numbers and Fibonacci numbers. In [1] the 
following Theorem 1 and Theorem 2 are proved. 

Theorem 2 (Natural numbers) Consider any layer (&k+i —> $>n) with m 
levels where m = n — k, k < n and k, n G N U {0} in a finite cobweb sub-poset, 
defined by the sequence of natural numbers i.e. F = {np} n >a, np = n>, 
neNU {0}. Then there exists at least one way to partition this layer with help 
of max-disjoint blocks of the form aP m . 

Max-disjoint means that the two blocks have no maximal chain in common. 
Before proving let us notice that for any m, k G N such that m + k = n: 

(2) Up = nip + kp 

where 1^ = 1. 

n F 

nip k F 

(k+l) f 



Figure 5: Picture of m levels of Cobweb poset' Hasse diagram 
PROOF (cprtal) algorithm 

Steep 1. There are np = mp + kp vertices on the level. Let us separate 
them by cutting into two disjoint subsets as illustrated by the Fig03 and cope 
at first with mp vertices (Steep 2). Then we shall cope with those kp vertices 
left (Steep 3). 



k+1 
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Figure 6: Picture of Steep 2 



Steep 2. Temporarily we have mp fixed vertices on <!>„ level to consider. Let 
us cover them by m-th level of block P m , which has exactly mp vertices- leafs. 
What was left is the layer — * &n-i) and we might eventually partition it 
with smaller max-disjoint blocks o\P m _i, but we need not to do that. See the 
next step. 

Steep 3. Consider now the second complementary situation, where we have kp 
vertices on <£>„ level being fixed. Observe that if we move this level lower than 
<5fc+i level, we obtain exactly — > ^n-i) layer to be partitioned with max- 
disjoint blocks of the form aP m . This "move" operation is just permutation of 
levels' order. 

The layer (&k+i^ ®n) rnay be partitioned with aP m blocks if (&k+i — ► $n-i) 
may be partitioned with oP m -\ blocks and $n-i) by oP m again. Con- 

tinuing these steeps by induction, we are left to prove that — > may be 
partitioned by aP\ blocks and >$ m ) by aP m blocks which is obvious ■ 



S< °n-1 



(n-1), 



n-1 



k+1 



(n-1 



Figure 7: Picture of Steep 3 



Observation 5 

We already know from [7,6] that the number of max-disjoint equip-copies of 
crP m , rooted at the same fixed vertex of fc-th level and ending at the n-th level 
is equal to 



G) f ( m ) F 

If we cut-separate family of leafs of the layer (<&£;+ 1 — > $ n }, as in the proof of 
the Theorem 1 then the number of max-disjoint equip copies of P m -i from the 
Steep 2 is equal to 
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71-1 

k 

However the number of max-disjoint equip copies of P m from the Steep 3 is 
equal to 

n - l\ 
k-l) F 

It results in formula of Newton's symbol recurrence: 

n\ (n — 1\ (n—\ 



k J t? y k J p \^ 1/ p 



in accordance with what was expected for the case F = N thus illustrating the 
combinatorial interpretation from [7,6] in this particular case. 

In the next we adapt Knuth notation for "^-Stirling numbers" of the sec- 
ond kind | ™ | as in [6] and also in conformity with Kwasniewski notation for 
F-nomial coefficients [9-13,4]. The number of those partitions which are ob- 
tained via (cprtal) algorithm shall be denoted by the symbol |^| ■ 

Observation 6 

Let F be a sequence matching ([2]). Then the number of different parti- 

tions of the layer -> $ n ) where n, k <E N, n, k > 1 is equal to: 



/ \ c 1 i 1 c 1 ^ 1 
n 1 / n F \ I n ~ 1 In — 1 



k J p V™^ 



(5[ 



AM 



wh a re{-}^ = {-} F = l l {^ = { ? } F = l l m = n-* + l. 
Proof 

According to the Steep 1 of the proof of Theorem 1 we may choose on <E> n level 
mp vertices out of np ones in (^) ways. Next recurrent steps of the proof of 
Theorem 1 result in formula (Sn) via product rule of counting. ■ 

Note. | £ | is not the number of all different partitions of the layer (<l?fc— > $„) 

i.e. > | | a s computer experiments |17| show. There are much more 

other tilings with blocks crP m . 

This is to be compared with Kwasniewski cobweb triangle [6] (Fig. [5]) for 
the infinite triangle matrix elements 
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1 1 

1 3 1 
1 12 18 1 
1 60 2160 180 1 
1 360 1944000 7776000 2700 1 



Figure 8: Natural numbers' Cobweb poset tiling triangle of 
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Figure 9: Kwasniewski Natural numbers' cobweb poset tiling triangle of 




counting the number of partitions with block sizes all equal to A. 
Here const = A = my?!, m = n — k + 1 and 

1] = n F- K= {k-l) F 

The numbers appearing above in 77-th row, n > 3 are GIANT numbers as seen 
from FigJSJ 

The inequality |j| < | ^ \ gives us the rough upper bound for the number 
of tilings with blocks of established type aP m . 



Theorem 3 (Fibonacci numbers) Consider any layer (5>fc+i — ► $ n ) with m 
levels where m = n — k, k < n and k, n G N U {0} in a finite cobweb sub-poset, 
defined by the sequence of Fibonacci numbers i.e. F = {riF}n>o,^F GNU {0}. 
Then there exists at least one way to partition this layer with help of max- disjoint 
blocks of the form oP m . 
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The proof of the Theorem 2 for the Fibonacci sequence F is similar to the 
proof of Theorem 1. We only need to notice that for any m, k £ N, m > 1, 
m + k — n the following identity takes place: 



(3) up = (m + k)p = (k + l)p ■ mp + (m — l)p ■ kp 

where 1 p = 2p = 1 . 



(k+l) F -m F (m-l) F -k F 
(k+1) F 



Figure 10: Picture of m levels' layer of Fibonacci Cobweb graph 
Proof 

The number of leafs on the <5 ra layer is the sum of two summands K ■ mp and 
fi ■ kp, where k = (k + l)p, /i = (m — 1)f, (Fig. fTU|) therefore as in the proof 
of the Theorem 1 we consider two parts. At first we have to partition k layers 
— > 3> n _i) with blocks o-P m _i and ^ layers — > $ n _i) with aP m . The 
rest of the proof goes similar as in the case of the Theorem 1 ■ 

Theorem 2 is a generalization of Theorem 1 corresponding to const = k, /j, = 1 
case. 

Observation 7 

The number of max-disjoint equip copies of P m -i which partition k layers 
($ fe+ i -> $„_i) is equal to 



k+1 



n — 1\ ,, . / tt, — 1 

However this number of max-disjoint equip copies of P TO which partition 
layers ($& — > is equal to 

In— 1\ . (n — 1 

"U-Jf =(to " H*-i 

Therefore the sum corresponding to the Step 2 and to the Step 3 is the well 
known recurrence relation for Fibonomial coefficients [11,7,6,4] 

n\ ,, . In — l\ , . / n — 1 

k) F = {k+ H k ) F +im -Hk-i 

in accordance with what was expected for the case F being now Fibonacci 
sequence thus illustrating the combinatorial interpretation from [6,7] in this 
particular case. 
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Observation 8 

Let F be a sequence matching (j3J). Then the number | of different parti- 
tions of the layer — > 3> n } where n, k € N, n, k > 1 is equal to: 



1 F„ ! f n - 1 1 1 f n - 1 ' 



A;J F (F m !)"-( J F fe _ 1 !)" 1 fc J F {k-1 j 



(Sf) 



k = kp, n = (m — 1)f, fn = n — k + 1, F n \ = 1 ■ 2 ■ . . . ■ {np — 1) • np. 
Proof 

According to the Steep 1 of the proof of Theorem 2 we may choose on n-th 
level rap vertices k times and next (k — l)p vertices \i times out of np ones in 



If !)"-(F fc i!)^ wa y s - Next recurrent steps of the proof of Theorem 2 result in 
formula {Sf) via product rule of counting ■ 

Observation 4 becomes Observation 2 once we put const = n, a = 1. 
Easy example 

For cobweb-admissible sequences F such that lp = 2p = 1, |„"i| = {n-i} = ^ 
as obviously we deal with the perfect matching of the bipartite graph which is 
very exceptional case (Fig. [TT]) . 

Note. As in the case of Natural numbers for F- Fibonacci numbers j " j is not 

the number of all different partitions of the layer ($t — > $„) i.e. | £ | > j ^ j 

as computer experiments j!7j show. There are much more other tilings with 
blocks aP m . 



3> n > P 2 



2 



n 

n-1 



Figure 11: Easy example picture 



This is to be compared with Kwasnicwski [6] cobweb triangle for the infinite 
triangle matrix elements (Fig. [TI 



4 Other tiling sequences 

Definition 8 The cobweb admissible sequences that designate cobweb posets 
with tiling are called cobweb tiling sequences. 
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Figure 12: Fibonacci numbers' cobweb poset tiling triangle of 
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Figure 13: Kwasniewski Fibonacci numbers' cobweb tiling triangle of 



4.1 Easy examples 

The above method applied to prove tiling existence for Natural and Fibonacci 
numbers relies on the assumptions or Obviously these are not the only 
sequences that do satisfy recurrences ^ or ©. There exist also other cobweb 
tiling sequences beyond the above ones with different initial values. 

There exist also cobweb admissible sequences determining cobweb poset with 
no tiling of the type considered in this paper. 

Example 1 np = (m + k)p = mp + kp, n > 1 ( Op = corresponds to one 
" empty root" {0}) 

This might be considered a sample example illustrating the method. For 
example if we choose 1^ = c G N, we obtain the class of sequences np = c ■ n 
for n > 1. Naturally layers of such cobweb posets designated by the sequence 
satisfying @ for n > 1 may also be partitioned according to (cprtal). 

Example 1.5 1^ = l,np = c ■ n,n > 1 (0^ = corresponds to one " empty root" 
{0} ) This might be considered another sample example now illustrating the 
"shifted" method named (cpta2). For example if we choose 2p = c £ N, while 
If = 1, we obtain the class of sequences lp = I and np = c-n for n > 1. Layers 
of such cobweb posets designated by these sequences may also be partitioned. 
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Observation 9 Algorithm (cpta2) Given any (including cobweb- admissible) 
sequence A = {nA}n>0> s EffU {0} let us define shift unary operation © s as 
follows: 



where B = {ns} n >o- Naturally ©o — identity. Then the following is true. If a 
sequence A is cobweb-tiling sequence then B is also cobweb-tiling sequence. 

For example this is the case for A = 1, 2, 3, 4, . . ., ©3^4 = 1, 1, 1, 1, 2, 3,4,.. .. 
Example 2 np = itif • kp 

If we choose lj? = c e N, we obtain the class of sequences rif = c n ,n > 0. We 
can also consider more general case rip = a-mp-kp, where a £ N which gives us 
the next class of tiling sequences = a™ -c", n > 1, Of = 1 and layers of such 
cobweb posets can be partitioned by (cprtal) algorithm. For example: If = 
1, a = 2 -> F = 1, 1, 2, 4, 8, 16, 32, . . . or 1 F = 2 ->■ F = 1, 2, 4a, 8a 2 , 16a 3 , . . . 

Example 3 rtj? = (m + fc)i? = (fc + 1)^ • nip + (m — l)p ■ kp 

Here also we have infinite number of cobweb tiling sequences depending on 
the initial values chosen for the recurrence (k + 2)p = 2p(k + l)p + kp, k > 0. 
For example: l F = 1 and 2 F = 2 -> F = 1,2,5,12,29,70,169,408,985,... 
Note that this is not shifted Fibonacci sequence as we use recurrence (2) which 
depends on initial conditions adopted. Next 1^ = 1 and 2p = 3 — > F = 
1, 3, 10, 33, 109, 360, 1189, . . . Note that this is not remarcable Lucas sequence 



Neither of sequences: shifted Fibonacci nor Lucas sequence satisfy (2) nei- 
ther these (as well as the Catalan, Motzkin, Bell or Euler numbers sequences) 
are cobweb admissible sequences. This indicates the further exceptionality of 
Fibonacci sequence along with natural numbers. 

The proof of tiling existence leads to many easy known formulas for se- 
quences, where we use multiplications of terms mp and/or kp, like np = a - kp, 
np = a ■ mpkp, np = a ■ (m ± (3)pkp, where a, (3 £ N, n = m + k and so on. 

This are due to the fact that in the course of partition's existence proving 
with (cprtal) partition of layer ($fc+i — > existence relies on partition's 
existence of smaller layers (&k+i~^&n-i) and/or (<&fc— >$„_i). 

In what follows we shall use an at the point product of two cobweb-admissible 
sequences giving as a result a new cobweb admissible sequence - cobweb tiling 
sequences included to which the above described treatment (cprtal) applies. 

4.2 Beginnings of the cobweb-admissible sequences 
production 

Definition 9 Given any two cobweb-admissible sequences A = {nA} n >o o,nd 
B = {?is} n >0; their at the point product C is given by 




n < s 
n > s 



[7]- 



A-B = C 



C = {rz.c}n>o, n c = n A ' n B 
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It is obvious that A ■ B = C is also cobweb admissible and 



k k 

n \ njj l n \ ( n 



J^J A-B ^B- \kj A \k J g 

Example 4 Almost constant sequences Ct 

Ct = {nc}n>o where const = nc = teH for n > 0, Of = 1- 

as for example C5 = 1, 5, 5,5,5,... are trivially cobweb-admissible and cobweb 
tiling sequences - see next example. 

In the following / denotes unit sequence / = {1}„>o; I ■ A = A. 
Example 5 Not diminishing sequence A c ^m 

If we multiply i-th term (where i > M > 1,M £ N) of sequence / by any 
constant c € N, then the product cobweb admissible sequence is A Cf M. 

. , , , f 1 1 < n < M 

A c ,m = {n A } n > where n A = < n > M 

as for example A5.10 = 1, 1, ■ ■ ■ , 1, 5, 5, 5, . . . or more general example 

10 

^3,2,10 = 1, 3, . . . , 3, 6, 6, 6, . . . Clearly sequences of this type are cobweb admis- 
10 

sible and cobweb tiling sequences. 

Indeed. Each of level of layer (<I>fc — > $„) has the same or more vertices than 
each of levels of the block aP m . If not the same then the number of vertices 
from the block o~P m divides the number of vertices at corresponding layer's level. 
This is how (cprta2) applies. 

Note. The sequence ^3^,10 is a product of two sequences from Example 2J 
A = 1, 3, 3, 3, 3, 3, 3, . . . and B' = ® 10 B = 1, . . . , 1, 2, 2, 2, . . . where 
5 = 1,2, 2, 2, 2, 2,2,.. ., then A ■ B' = A 3 o W = 1, 3, . . . , 3, 6, 6, 6, . . . 



in 



Example 6 Periodic sequence B Ct M 
A more general example is supplied by 

B c ,m = {n_B}„> where n B 



1 M \ n V n = 

c M\n 



where c, M <S N. Sequences of above form are cobweb tiling, as for example 
B 2 , 3 = 1, 1, 2, 1, 1,2,.. ., B 7A = 1, 1, 1, 7, 1, 1,1,7,... Indeed. 



PROOF Consider any layer ($ fe ^ $„}, k < n, k,n E N U {0}, with m levels: 

For m < M, the block P m has one vertex on each of levels. The tiling is trivial. 
For m > K, the sequence S Cj m has a period equal to M, therefore any layer of 
m levels has the same or larger number of levels with c vertices than the block 
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oP mi if layer's level has more vertices than corresponding level of block aP m 
then the quotient of this numbers is a natural number i.e. l|c, thus the layer 
can be partitioned by one block P m or by c blocks aP rn I 

Observation 10 

The at the point product of the above sequences gives us occasionally a method 
to produce Natural numbers as well as cxpcctcdly other cobweb-admissible se- 
quences with help of the following algorithm. 

Algorithm for natural numbers' generation (cta3) 

N(s) denotes a sequence which first s members is next Natural numbers i.e. 
N(s) = {npf} n >Q, where njy = n, for n = 1,2, ... ,8, p,p n - prime numbers. 

1. N(l) = 1=1,1,1,... 

2. iV(2) = jV(l).B 2i2 = l,2,l,2,l,2,... 

3. JV(3) = JV(2).B 3 ,3 = 1,2,3,2,1,6,... 
n. N(n) =N(n-l)-X 

Consider n: 

1. let n be prime, then ^Bi^jgrn— =^ ^i\r = 1 =r- X = B n ^ n 

2. let n = p rn , KmeN, then n N = p™- 1 => X = B p>n 

3. let n — 0^=1 PT 3 ' where pi ^ pj for i ^ j, mi > 1, 
i = 1, 2, . . . ,u, u > 1 

^ie[u]P" H <n=>n N = LCD ({p™* : i = 1, 2, . . . , u}) 

Av W GC3D(pr,j»r) = 1 nN = nr=ipr- => x = i 

where lowest common denominator or least common denominator (LCD) and 
greatest common divisor (GCD) abbreviations were used. 

Concluding 

n — >oo 

N(n) = N(n-l)-B hn>n — ► N 




p n = p m , N 9 m > 1 

1 « = nr=i 1 Pr% N3m s >l 



while {/i„}„>i = 1, 2, 3, 2, 5, 1, 7, 2, 3, 1, 11, 1, 13, 1, 1, 2, 17, . . . 

As for the Fibonacci sequence we expect the same statement to be true for 
n — > oo bearing in mind those properties of Fibonacci numbers which make 
them an effective tool in Zeckendorf representation of natural numbers. For 
the Fibonacci numbers the would be sequence {h n } n >i is given by {h n } n >i = 
1,1,2,3,5,4,13,7,17,11,89,6,... 

We end up with general observation - rather obvious but important to be 
noted. 
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Figure 14: Display of eight steeps of algorithm (cta3) 



Theorem 4 Not all cobweb-admissible sequences are cobweb tiling sequences. 

Proof 

It is enough to give an appropriate example. Consider then a cobweb-admissible 
sequence F = A ■ B = 1,2,3,2, 1,6, 1, 2, 3, . . ., where A = 1, 2, 1, 2, 1, 2 . . . and 
B = 1, 1, 3, 1,1,3,... are both cobweb admissible and cobweb tiling. Then the 
layer ($5 — > $7) can not be partitioned with blocks aP-$ as the level $5 has one 
vertex, level $5 has six while $5 has one vertex again (Fig fTSl) . 



<G> 5 ^G> 7 > P 3 




Figure 15: Picture proof of Theorem 3 



Corollary The at the point product of two tiling sequences does not need to be 
a tiling sequence. 

However for A = 1,2,1,2,... and B = 1,1,3,1,1,3,... cobweb tiling se- 
quences their product F — A ■ B — 1, 2, 3, 2, 1, 6, 1, . . . is not a cobweb tiling 
sequence. A natural question - is it still ahead [6,7]? . Find the effective char- 
acterizations and or algorithms for a cobweb admissible sequence to be a cobweb 
tiling sequence. The second author has encoded the problem of an algorithm 
being looked for with help of his invention called by him " 'Primary cobweb ad- 
missible binary tree" ' and this is a subject of a separate note to be presented 
soon. 
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5 GCD-morphism Problem. Problem III. 



Coming over to the last problem announced above following [6-8] let us 
note that the Observation 4. provides us with the new combinatorial interpre- 
tation of the immense class of all classical F — nomial coefficients including 
binomial or Gauss q- binomial ones or Konvalina generalized binomial coef- 
ficients of the first and of the second kind [3] - which include Stirling num- 
bers of both kinds too. All these F-nomial coefficients naturally are computed 
with their correspondent cobweb-admissible sequences. More than that - the 
vast 'umbral' family of F-sequences [9-13,4] includes also those which are called 
"GCD-morphic" sequences. This means that GCD[F n , F m ] = F GC D[n,m] where 
GCD stays for Greatest Common Divisor. 

Definition 10 . The sequence of integers F = {rii?} rl >o is called the GCD- 
morphic sequence if GCD[F n , F m ] = FQCD[n,m] where GCD stays for Greatest 
Common Divisor operator. 

The Fibonacci sequence is a much nontrivial [11,12,6] guiding example of GCD- 
morphic sequence. Of course not all incidence coefficients of reduced incidence 
algebra of full binomial type are computed with GCD-morphic sequences how- 
ever these or that - if computed with the cobweb correspondent admissible se- 
quences all are given the new, joint cobweb poset combinatorial interpretation 
via Observation 3. More than that - in [8] a prefab- like combinatorial descrip- 
tion of cobweb posets is being served with corresponding generalization of the 
fundamental exponential formula. 

Question: which of these above mentioned sequences are GCD-morphic se- 
quences? 

GCD-morphism Problem. Problem III. Find effective characterizations 
and/or an algorithm to produce the GCD-morphic sequences i.e. find all exam- 
ples. 

The second author has " 'almost solved" ' the GCD-morphism Problem - again 
with help of his invention called by him " 'Primary cobweb admissible binary 
tree" ' and this is a subject of a separate note to be presented soon. 



6 Apendix 

A.l. Cobweb posets and KoDAGs' ponderables of Kwasniewski rele- 
vant recent productions. 

Definition 11 Let n G NU{0}U{oo}. Letr,s e NU{0}. LetU n be the graded 
partial ordered set (poset) i.e. II„ = ($„,<) = (Ufc=o^fc> — ) an ^ (^fc)fc=o 
constitutes ordered partition of Tl n . A graded poset II„ with finite set of minimal 
elements is called cobweb poset iff 

Vx, y S $ i.e. x £ $ r and i/ G $ s r / s =>■ x < y or y < x, 



Note. By definition of II being graded its levels <fv S {^k}^ are independence 
sets and of course partial order < up there in Definition 6.1. might be replaced 
by <. 



22 



The Definition ?. is the reason for calling Hasse digraph D = (<f>, < •} of the 
poset (<&,<)) a KoDAG as in Professor Kazimierz Kuratowski native language 
one word Komplet means complete ensemble - see more in [21,22,23] and for 
the history of this name see: The Internet Gian-Carlo Polish Seminar Subject 
1. oDAGs and KoDAGs in Company (Dec. 2008). 

Definition 12 Let F = (kp)^_ be an arbitrary natural numbers valued se- 
quence, where n G N U {0} U {oo}. We say that the cobweb poset II = (<&, <) is 
denominated (encodcd=labelled) by F iff |$fc| = hp for k = 0, 1, n. 

A.2. 

Observation 11 Let n = k + m. The number of subposets equipotent to sub- 
poset P m rooted at any fixed point at the level labeled by F k and ending at the 
n-th level labeled by F n is equal to 

( n\ _ (n\ _ np 
\m) F \k) F k F V 

Equivalcntly - now in a bit more mature 2009 year the answer is given simul- 
taneously viewing layers as biunivoquely representing maximal chains sets. Let 
us make it formal. 

Such recent equivalent formulation of this combinatorial interpretation is to be 
found in [20] from where we quote it here down. 

Let {F n } n>0 be a natural numbers valued sequence with Fq = 1 (or F ! = 0! 
being exceptional as in case of Fibonacci numbers). Any such sequence uniquely 
designates both F-nomial coefficients of an F-extended umbral calculus as well 
as F-cobweb poset introduced by this author (see :the source [19] from 2005 and 
earlier references therein). If these F-nomial coefficients are natural numbers or 
zero then we call the sequence F - the F-cobweb admissible sequence. 

Definition 13 Let any F-cobweb admissible sequence be given then F-nomial 
coefficients are defined as follows 

/ n\ np\ np ■ (n — 1)f ■ ... ■ (n — k + 1)f np 

\k J F kp\(n — k)pl lp-2p-...-kp kpl 

while n,k £ N and 0p\ = np = 1. 

Definition 14 C max (P n ) = {c =< x , Xi, x n >, x s G $ s , s = 0, n} i.e. 

C m ax(Pn) is the set of all maximal chains of P n 

Definition 15 Let 

C m ax{^k -> $n) = {c =< X k , X k+ l , .. ., X n >, X s G $ s , S = fc, ...,7l}. 

Then the C($fe — ► $ n ) set of Hasse sub-diagram corresponding maximal chains 
defines biunivoquely the layer — > $„) = UT=fc ^ s as ^ e se ^ °f max i ma l 
chains' nodes and vice versa - for these graded DAGs (KoDAGs included). 
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The equivalent to that of of Obsevation 3 formulation of combinatorial in- 
terpretation of cobweb posets via their cover relation digraphs (Hassc diagrams) 
is the following. 

Theorem [20] 

(Kwasniewski) For F -cobweb admissible sequences F-nomial coefficient {^) F 
is the cardinality of the family of equipotcnt to C max (P m ) mutually disjoint 
maximal chains sets, all together partitioning the set of maximal chains 
C m ax(®k+i -> $n) of the layer ($fe+i -> $n), where m = n- k. 

For February 2009 readings on further progress in combinatorial interpretation 
and application of the presented author invention i.e. partial order posets named 
cobweb posets and their's corresponding encoding Hassc diagrams KoDAGs see 
[19-29,31-38] and references therein. For active presentation of cobweb posets 
sec [38]. For recent formulations and review see Appendix in [39] Fri, 20 Feb 
2009. 

This article is The Internet Gian-Carlo Polish Seminar article, No 3, Subject 
2, 2009-02-26 as the update of [40]. 
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